In this paper, we consider some inverse singular value problems for Toeplitz-related matrices. We construct a Toeplitz-plus-Hankel matrix from prescribed singular values including a zero singular value. Then we find a solution to the inverse singular value problem for Toeplitz matrices which have double singular values including a double zero singular value.
studied. Diele et al. in 2004 constructed solutions to the Toeplitz-plus-Hankel IEP in a close form [11] . The main ingredients of their construction are some idempotent rank-one Toeplitz-plusHankel matrices which are obtained by considering the properties of the Chebyshev polynomials. Inspired by their result, we find that, in a similar fashion, solutions to the ISVP with Toeplitzplus-Hankel matrices can also be obtained in a close form. With this being established, as in [11] , we construct a solution to the ISVP for Toeplitz matrices which have double singular values including a double zero singular value. This paper is organized as follows. In Section 2, based on some properties of the discrete cosine transform matrix and the discrete sine transform matrix, we construct a Toeplitz-plusHankel matrix from prescribed singular values including a zero singular value. In Section 3 we provide a solution to the ISVP for Toeplitz matrices from given double singular values including a double zero singular value.
ISVP for Toeplitz-plus-Hankel matrices
We first recall the discrete cosine transform matrix and the discrete sine transform matrix. Let W be the n-by-n discrete cosine transform matrix with entries
where δ ij is the Kronecker delta; see for instance [13, p.150] . Let U be the n-by-n discrete sine transform matrix with entries [11] [
We know that both W and U are orthogonal. Define
where w j denotes the jth column of W . By using the orthogonal matrices U and V , we can construct a collection of n-by-n rank-one Toeplitz-plus-Hankel matrices.
Proposition 2.1 For k = 1, . . . , n − 1, let u k and v k denote the kth columns of U and V , respectively. Then the n-by-n rank-one matrices
Thus the (i, j)th entry of A k is given by
and
Then we have A k = T k + H k , where T k is Toeplitz and H k is Hankel, for k = 1, . . . , n − 1.
Similarly, we can also find a collection of n-by-n rank-one Hankel-minus-Toeplitz matrices. Thus the (i, j)th entry of B k is given by
Let T k and H k be defined as in (1) and (2), respectively. Then we obtain
Corollary 2.3 The matrices T k and H k defined in (1) and (2) are skew-centrosymmetric, i.e.,
. . , n − 1, where
is called the n-by-n anti-identity matrix.
On the ISVP for Toeplitz-plus-Hankel matrices, we have the following proposition.
is Toeplitz-plus-Hankel. Moreover,
i.e., {σ k } n k=1 are the singular value of A and v k and u k are the left-singular and right-singular vectors for σ k , respectively.
Proof: Since A k is Toeplitz-plus-Hankel for k = 1, . . . , n − 1, we know that A is Toeplitz-plusHankel. Moreover,
where {u k } n k=1 and {v k } n k=1 are orthogonal columns of U and V , respectively.
By using the similar arguments of Proposition 2.4, we can derive the following result on the ISVP for Hankel-minus-Toeplitz matrices.
is Hankel-minus-Toeplitz. Moreover,
i.e., {σ k } n k=1 are the singular value of B and u k and v k are the left-singular and right-singular vectors for σ k , respectively.
Toeplitz ISVP with double singular values
In this section, we construct a Toeplitz matrix from given double singular values. We focus on the following Toeplitz ISVP: Given σ 1 ≥ σ 2 ≥ · · · ≥ σ n = 0, find a 2n-by-2n Toeplitz matrix T 2n such that {σ k } n k=1 are double singular values of T 2n . On the solvability of the Toeplitz ISVP, we have the following result.
where T k and H k are defined as in (1) and (2) . Then the matrix
is a 2n-by-2n Toeplitz matrix such that {σ k } n k=1 are double singular values of T 2n .
Proof: By the definitions of T k and H k , it is easy to check that the matrices
are all 2n-by-2n Toeplitz matrices. Hence,
T k is a 2n-by-2n Toeplitz matrix.
On the other hand, we have by Propositions 2.1, 2.2, 2.4, and 2.5,
where U , V , and Σ are defined as in Section 2. Therefore,
where
By Corollary 2.3, T k and H k are skew-centrosymmetric. Then T and H defined in (3) are also skew-centrosymmetric. Therefore, the Toeplitz matrix T 2n defined in (4) is skew-centrosymmetric.
